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Abstract
In this paper, we prove that the fundamental group of an orientable compact 3-manifold has finite de-
composition complexity if Thurston’s Hyperbolization Conjecture is true.
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1. Introduction
Inspired by the property of finite asymptotic dimension of Gromov [4], E. Guentner,
R. Tessera and G. Yu introduced the concept of finite decomposition complexity for metric spaces
in [7]. And Guentner, Tessera and Yu proved the stable Borel conjecture for closed aspherical
manifold M whose fundamental group has finite decomposition complexity. Roughly speaking,
a metric space has finite decomposition complexity when there is an algorithm to decompose a
space into nice pieces in a certain way. We know that any countable group can be given a proper
length metric (if G is a finitely generated group, then the word length metric is such an example).
Groups having finite decomposition complexity are a large collection including all countable lin-
ear groups, all countable subgroups of an almost connected Lie group, all hyperbolic groups and
all elementary amenable groups. In addition, the collection of the groups having finite decompo-
sition complexity is closed under the formation of subgroups, products, extensions, amalgamated
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decomposition complexity other than Gromov’s random groups [5,6] at the moment.
In this paper, we prove that the fundamental group of an orientable compact 3-manifold (pos-
sible with boundary) has finite decomposition complexity provided Thurston’s Hyperbolization
Conjecture is true. There are many important works on this conjecture, see [2,15,18,20–22].
Theorem 1.1. Suppose Thurston’s Hyperbolization Conjecture is true, let G be the fundamen-
tal group of an orientable compact 3-manifold M (possible with boundary), then G has finite
decomposition complexity.
The author would like to express his gratefulness to Professor Guoliang Yu and Professor
Xiaoman Chen.
2. Finite decomposition complexity
In this section, we will recall the definition of finite decomposition complexity introduced
in [7]. Recall that a (countable) collection of subspaces {Zi} of a metric space Z is r-disjoint for
some r  0 if for all i = j , we have d(Zi,Zj ) r . Let
Z =
⊔
r-disjoint
Zi
denote that Z is the union of subspaces Zi with {Zi} r-disjoint. A family of metric spaces {Zi}
is bounded if there is a uniform bound on the diameter of the individual Zi :
sup diam(Zi) < ∞.
Definition 2.1. A metric space X has finite asymptotic dimension if there exists a d ∈ N such that
for every r > 0, the space X can be written as a union of d + 1 families of subspaces, each of
which is an r-disjoint union of uniformly bounded subsets:
X =
d⋃
i=0
Xi, Xi =
⊔
r-disjoint
Xij .
Example 2.2. Hyperbolic groups have finite asymptotic dimensions, in particular, free group Fn
of n generators has finite asymptotic dimension [23,25,26].
In the same spirit, the definition of finite decomposition complexity can be formulated.
Definition 2.3. A metric family X is (d, r)-decomposable over a metric family Y if every X ∈ X
admits a decomposition
X =
d⋃
i=0
Xi, Xi =
⊔
r-disjoint
Xij ,
where each Xij ∈ Y . And denote by X d,r−−→ Y if X is (d, r)-decomposable over Y .
3794 Q. Ren / Journal of Functional Analysis 258 (2010) 3792–3800Roughly speaking, a metric family has finite decomposition complexity if it can be decom-
posed, through a finite number of applications of the decomposability relation with d = 0 or 1,
into a bounded family.
Definition 2.4. For each ordinal α, define a collection of families of metric spaces according to
the following prescription:
(1) Let D0 be the collection of bounded families:
D0 = {X : X is bounded}.
(2) If α is an ordinal greater than 0, letDα be the collection of families of metric spaces defined
by
Dα = {X : ∃0 d  1, ∀r > 0, ∃Y ∈Dβ for some β < α such that X d,r−−→ Y}.
A metric family X has finite decomposition complexity if there exists an ordinal α such that
X ∈Dα .
Any proper metric space (recall that a metric space is said to be proper if any bounded closed
ball is compact) with finite asymptotic dimension clearly has finite decomposition complexity.
A proper metric space X is a member of Dn for some n ∈ N precisely when X has finite asymp-
totic dimension. This follows from a theorem of Dranishnikov and Zarichnyi stating that any
proper metric space with finite asymptotic dimension admits a coarse embedding into the prod-
uct space of finitely many locally finite trees [3].
3. The fundamental group of a surface
In this section, we prove that the fundamental group of a surface has finite decomposition
complexity. Here by a surface S we mean a connected compact 2-manifold, with or without
boundary. Let Fn denote the free group of n generators, then Fn is a tree and has finite decom-
position complexity [23]. We first show that:
Theorem 3.1. Let S be a closed surface, i.e., a connected compact 2-manifold without boundary,
then G = π1(S) has finite decomposition complexity.
Proof. By the classification of the closed surfaces [19], any closed surface is homeomorphic
to a sphere, or a sphere with handles, or a sphere with crosscaps. Let S2 denote the 2-sphere,
π1(S2) = {e} is trivial so has finite decomposition complexity. Recall that a handle T is obtained
from a torus T 2 = S1 × S1 by removing a disk D, we have π1(T ) = F2. Let Hn be a surface
obtained by attaching n handles to S2, then by Van Kampen theorem, we have
π1(H1) = π1(T ) ∗π1(S1) π1
(
S2 \D)= F2 ∗Z {e}
and we know the set of groups having finite decomposition complexity is closed under taking
amalgamated free products [7], so π1(H) has finite decomposition complexity. For H2, we have
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= π1
(
S2 \D unionsqD) ∗π1(S1) π1(T ) ∗π1(S1) π1(T )
= F1 ∗Z F2 ∗Z F2.
Thus π1(H2) has finite decomposition complexity. By induction on n, we know that the funda-
mental group of the surface homeomorphic to a sphere with n handles has finite decomposition
complexity. The same argument applies to the surface which is homeomorphic to a sphere with
crosscaps just by replacing handles with Möbius bands. 
For surfaces with boundary, we have:
Theorem 3.2. Let S be a surface with boundary, then G = π1(S) has finite decomposition com-
plexity.
Proof. We also know that any surface with boundary is homeomorphic to a sphere with holes,
or a sphere with handles and holes, or a sphere with crosscaps and holes [19]. Let S˜ be a sphere
with k holes, then π1(S˜) = Fk−1. Let H˜ be the surface obtained by attaching a handle T to S˜.
By Van Kampen theorem, we have π1(H˜ ) = π1(S˜ \ D) ∗π1(S1) π1(T ) = Fk ∗Z F2, so H˜ has
finite decomposition complexity. By induction on n, we have that the fundamental group of the
surface which is homeomorphic to a sphere with n handles and holes has finite decomposition
complexity. The same argument applies to the surface which is homeomorphic to a sphere with
crosscaps and holes just by replacing handles with Möbius bands. 
4. Haken manifold
In this section, we introduce the definition of Haken manifold and prove that its fundamental
group has finite decomposition complexity. Let M be a 3-manifold with or without boundary.
Definition 4.1. A surface Σ in M here means a compact connect 2-dimensional manifold (pos-
sible with boundary ∂Σ ). Σ is called properly embedded in M if ∂Σ = Σ ∩ ∂M or Σ is
embedded into ∂M .
Definition 4.2. A surface Σ in M is called 2-sided if it is embedded in ∂M or it admits a tubular
neighborhood in M which is a trivial line bundle, see [17].
Definition 4.3. A surface is called incompressible if it is 2-sided, not diffeomorphic to a 2-
sphere nor a disk and if for each disk D in M with D∩Σ = ∂D there is a disk D′ ⊂ Σ such that
∂D = ∂D′. Then the inclusion Σ ↪→ M induces a monomorphism π1(Σ) → π1(M), see [8].
Definition 4.4. A 3-manifold M is called P 2-irreducible if it is irreducible (recall a 3-manifold
M is called irreducible if every embedded 2-sphere in M bounds a 3-ball) and if it contains no
embedded 2-sided real projective plane. A compact connected 3-manifold M is called Haken
if it is P 2-irreducible and contains a properly embedded 2-sided incompressible surface (M is
oriented then M is Haken if it is irreducible and contains a properly embedded incompressible
oriented surface) [17].
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Lemma 4.5. If a compact connected 3-manifold M is orientable and ∂M = ∅ and ∂M doesn’t
consist of a collection of 2-spheres, then H1(M,Z) is infinite. If M is also irreducible, then M is
Haken.
Now we prove the finite decomposition complexity for Haken manifolds.
Theorem 4.6. The fundamental group of a Haken manifold has finite decomposition complexity.
Proof. If M is Haken, there exists a so-called hierarchy [1,9]
M = M0 ⊃ M1 ⊃ M2 ⊃ · · · ⊃ Mn,
i.e., a finite sequence of 3-manifolds where each connect component of Mn is a 3-ball and Mi+1
is obtained from Mi by cutting it open along an incompressible surface Fi ↪→ Mi . n is called the
length of the hierarchy.
If Fi separates Mi into disjoint pieces M ′i+1 unionsqM ′′i+1, we have
π1(Mi) = π1
(
M ′i+1
) ∗π1(Fi) π1
(
M ′′i+1
)
.
If Fi doesn’t separate Mi then the two embeddings of Fi ↪→ ∂Mi+1 induce two monomorphisms
τ, θ : π1(Fi) → π1(Mi+1), then
π1(Mi) = HNN
(
π1(Mi+1),π1(Fi), τ, θ
)
.
In Section 3, we know that the finite decomposition complexity is true for the fundamental group
of the surface Fi . As Mn has trivial fundamental group at each component and finite decom-
position complexity is closed under taking HNN-extensions or amalgamated free products, by
induction on the length of the hierarchy, we know that the fundamental group of a Haken mani-
fold has finite decomposition complexity. 
5. Seifert manifold and hyperbolizable manifold
In this section, we introduce the definition of Seifert manifold and hyperbolizable manifold.
Now suppose that a 3-manifold M is connected and S is a sphere in M such that M \ S has
two components, M ′1 and M ′2. Let Mi be obtained from M ′i by filling in its boundary sphere
corresponding to S with a ball. In this situation we say M is the connected sum M1 # M2. We
remark that Mi is uniquely determined by M ′i since any two ways of filling in a ball B3 differ by
a diffeomorphism of ∂B3, and any diffeomorphism of ∂B3 extends to a diffeomorphism of B3.
This last fact follows from the stronger assertion that any diffeomorphism of S2 is isotopic to
either the identity or a reflection (orientation-reversing), and each of these two diffeomorphisms
extends over a ball. See [8].
Definition 5.1. A 3-manifold M is called prime if M can be expressed as a connected sum
M ′ # M ′′ then either M ′ or M ′′ is diffeomorphism to S3. For example, S3 and S1 × S2 are prime
3-manifolds.
Q. Ren / Journal of Functional Analysis 258 (2010) 3792–3800 3797Lemma 5.2. If an orientable prime manifold M is not irreducible then it is S1 × S2.
Proof. Cf. [8] or [9]. 
Definition 5.3. A compact 3-manifold is called Seifert if it admits a foliation by circles.
From [12], we have a deep result for Seifert manifolds.
Theorem 5.4. A prime compact 3-manifold M with infinite fundamental group π1(M) is Seifert
if and only if π1(M) contains an infinite cyclic normal group. There exists a short exact sequence
of groups
1 → Z → π1(M) → Γ → 1
where Γ is a discrete subgroup of the following Lie groups:
O(3), R2  O(2), SO(2,1).
Since any countable discrete group of linear groups O(3),R2  O(2), SO(2,1) has finite
decomposition complexity [7] and finite decomposition complexity is closed under taking group
extensions, for manifolds which have finite fundamental group clearly have finite decomposition
complexity, thus the fundamental group of a prime Seifert manifold has finite decomposition
complexity. We have the following theorem:
Theorem 5.5. The fundamental group of a prime Seifert manifold has finite decomposition com-
plexity.
Recall that an n-dimensional manifold is called hyperbolizable if its geometric interior
M \ ∂M admits a complete Riemannian metric for which the sectional curvature is constant with
value −1. In this case, π1(M) ∼= π1(M \ ∂M) is isomorphic to a discrete subgroup of Lie group
SO(n,1) [14]. So the fundamental group of a hyperbolizable manifold has finite decomposition
complexity [7].
6. Kneser decomposition and JSJ-decomposition
In this section, we will introduce Kneser decomposition and JSJ-decomposition to decompose
a 3-manifold into nice pieces.
Recall that the capped off manifold M˜ of a manifold M means that for every sphere S2 in ∂M ,
the boundary of M , we fill a 3-ball. This does not change the fundamental group. So we can as-
sume M does not have an S2 as a boundary component. Prime manifolds are important because
we can decompose a manifold into prime manifolds. We have the following decomposition the-
orem [9,16].
Theorem 6.1 (Kneser prime decomposition). Each compact connected 3-manifold can be ex-
pressed as a connected sum of finite numbers of prime compact connected 3-manifolds M =
M1 #M2 # · · · #Mq . If M is orientable, then each Mi is orientable and some Mi is diffeomorphic
to S1 × S2. If M is not orientable, then some Mi is diffeomorphic to S1 × S2 or S1 ×˜ S2, the
nonorientable S2 bundle over S1.
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Now, we define JSJ-decomposition for the orientable irreducible manifolds established by
Jaco [10] and Shalen [11] and Johannson [13], also known as Torus Decomposition. Recall that
a properly embedded surface Σ ⊂ M is called ∂-parallel if it is isotopic, fixing ∂Σ , to a subsur-
face of ∂M [8]. An irreducible manifold M is called atoroidal if every incompressible torus is
∂-parallel.
Theorem 6.2 (Jaco–Shalen–Johannson decomposition). For any irreducible closed connected
orientable 3-manifold M , there exists a minimal finite family {Tj }j∈J (possible empty) of em-
bedded disjoint incompressible 2-sided closed 2-tori that separates M into a finite set of pieces
{Mk}k∈K of irreducible compact connected orientable 3-manifolds, each of which is Seifert or
atoroidal, possible both.
Using JSJ-decomposition, we can express the fundamental group π1(M) of an irreducible
connected orientable 3-manifold M as a graph of groups G. Recall that a graph of groups G is
a non-empty graph GG = (EG,VG) (possible with loops) equipped with two families of groups
{Ge}e∈EG and {Gv}v∈VG parameterized by the edge set EG and vertex set VG , respectively, and
there is a family {τe,v : Ge → Gv | v ∈ e}e∈EG of injective group homomorphisms, one for each
pair (e, v) ∈ EG ×VG consisting of an edge and an adjacent vertex. The groups in {Ge}e∈EG and{Gv}v∈VG are called the edge groups and the vertex groups, respectively, of G. If GG is a finite
connected graph, the fundamental group π1(G) is a group defined, up to isomorphism, by a finite
induction process mixing the group Gv and Ge using the incidence relation of GG and maps τe,v
via amalgamated free product and HNN-extensions. The group π1(G) acts on the graph GG with,
up to isomorphism, vertex-stabilizers {Gv}v∈VG and edge-stabilizers {Ge}e∈EG . So we know that
π1(G) has finite decomposition complexity if all its vertex groups and edge groups have finite
decomposition complexity.
For a given irreducible connected orientable 3-manifold M , we apply the JSJ-decomposition.
It turns out there is a graph of groups G with EG = J and VG = K . For j ∈ J and k ∈ K ,
Gj = π1(Tj ) ∼= Z2,Gk = π1(Mk) and τj,k := π1(incl : Ti → Mk), with the incidence relation
dictated by combinatorial configuration of separating family of tori. In addition, π1(M) ∼= π1(G).
7. Proof of the main theorem
We are now in the position to prove the main theorem:
Theorem 7.1. Suppose that Thurston’s Hyperbolization Conjecture is true, let G be the funda-
mental group of an orientable compact 3-manifold M (possible with boundary), then G has finite
decomposition complexity.
Proof. Given such a manifold M , we may further assume it is connected and it is capped off. We
first apply Kneser’s prime decomposition to express π1(M) = π1(M1) ∗ π1(M2) ∗ · · · ∗ π1(Mn)
with some Mi diffeomorphic to S1 × S2 and others irreducible. And π1(S1 × S2) = Z has finite
decomposition complexity. We can further assume M is irreducible.
After the capped off, if ∂M = ∅ and π1(M) is infinite, then M is Haken. Otherwise M is
closed, we apply JSJ-decomposition to express π1(M) = π1(G). And we know its edge group is
π1(Tj ) = Z2 has finite decomposition complexity. We only concerned on the vertex groups, the
fundamental group of pieces, say N .
Q. Ren / Journal of Functional Analysis 258 (2010) 3792–3800 3799(1) If N is Seifert this is the result of Section 5.
(2) If π1(N) is finite, this is obvious.
(3) If N is Haken, this is the result of Section 4.
(4) If N is non-Seifert non-Haken and has infinite fundamental group, then ∂N = ∅ otherwise
N is Haken by Lemma 4.5, so N should be hyperbolizable by the Thurston’s Hyperbolization
Conjecture [24]. So N has finite decomposition complexity by Section 5.
Thus all the edge groups and vertex groups of π1(M) = π1(G) have finite decomposition
complexity, then π1(M) has the finite decomposition complexity, we finish the proof. 
Remark 7.2. Using the orientable double cover, the conclusion is also true for nonorientable
compact 3-manifold.
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